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Abstract 

This paper presents the dynamic magnetoelastic stress intensity factors of a Yoffe-type moving crack at the interface 
between two dissimilar soft ferromagnetic elastic half-planes. The solids are subjected to a uniform in-plane magnetic 
field and the crack is opened by internal normal and shear tractions. The problem is considered within the framework 
of linear magnetoelasticity. By application of the Fourier integral transform, the mixed boundary problem is reduced to 
a pair of integral equations of the second kind with Cauchy-type singularities. The singular integral equations are 
solved by means of a Jacobi polynomial expansion method. For a particular case, closed-form solutions are obtained. It 
is shown that the magnetoelastic stress intensity factors depend on the moving velocity of the crack, the magnetic field 
and the magnetoelastic properties of the materials.
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1. Introduction 

Over the past years, the magnetoelastic coupling 
effect in determining the stresses distribution around a 
crack within a soft ferromagnetic material has been a 
major concern of many studies, such as, Shindo (1977, 
1982), Yeh (1989), Sabir and Maugin (1996), Bagda-
sarrian and Hasannian (2000), Liang et al. (2000), Lin 
and Yeh (2002), Zhao and Lee (2004). The same 
problem in investigating the dynamic behavior of a 
soft ferromagnetic elastic solid with cracks has also 
received attention, such as in Shindo (1983, 1984). 
These works are of practical significance in view of 
the fact that the materials are increasingly used in 
engineering devices which are usually subjected to 
strong magnetic field. 

Because of the increasing applications of composite 

materials in modern technology, it is needed to 
examine the effect of magnetic field on the stress 
distribution in bonded dissimilar magnetic materials 
with crack on the interface. Asanyan et al. (1988) 
once investigated the interfacial crack problem for a 
bonded infinite. Recently, Lin et al. (2002) obtained a 
closed-form solution of local magnetic and mag-
netoelastic quantities for interfacial cracks between 
two dissimilar soft ferromagnetic half-planes. Zhao 
and Lee (2007) solved interfacial crack problem in 
layered soft ferromagnetic materials in uniform ma-
gnetic field. To the authors’ knowledge, there is still 
no attempt devoted to the dynamic problem of an 
interfacial crack in soft ferromagnetic bodies. 

This paper presents a study on the dynamic 
problem of a Yoffe-type moving crack located at the 
interface between two dissimilar soft ferromagnetic 
half-planes under a uniform magnetic field and 
tractions inside the crack. The study is based on the 
Pao and Yeh’s linear theory of megnetoealsticity. 
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Application of the Fourier integral transform reduces 
the problem to two singular integral equations of the 
second kind for the mixed boundary conditions. 
Solutions for the magnetoelastic stress intensity 
factors are obtained and shown graphically for the 
different moving crack velocity, magnetic field in-
duction and magnetic properties of the materials, 
respectively. 

2. Fundamental equations of the linear 
magnetoelasticity 

Consider the plane strain problem for an isotropic, 
homogeneous, soft ferromagnetic solid placed in an 
external magnetic field within the framework of a 
fixed rectangular coordinate system ( , , )X Y Z . It is 
assumed that all field variables of interest are 
independent of Z . Let iB , iH and iM ( , )i X Y denote 
the magnetic induction, the magnetic intensity and the 
magnetization, respectively. 

According to Pao and Yeh (1973), the magnetic 
quantities ( , , )i i iB H M are decomposed into two parts 
associated with those ( 0 0 0, ,i i iB H M ) in a rigid body 
state and those ( , ,i i ib h m ) in a perturbed state due to 
deformation, with the assumption that ( , ,i i ib h m ) are 
of the same order of magnitude as the displacement 

iu of the solid.  
Without loss in generality, we consider that 
0

0XB B , 0 0YB , where 0B constant being the 
applied magnetic field. In this case, the mag-
netoelastic solution for the rigid body state can easily 
be obtained with 0 0

i iM H and 0 0
0/i i rH B ,

where 7
0 4 10 (N/A2) is the absolute per-

meability of vacuum, is the magnetic susceptibility, 
and 1r is the relative permeability of the 
material. Consequently, in what follows we focus our 
attention on the solution for the perturbed state.  

On neglecting the effect of the magnetostriction 
and assuming that 0

,j i j iM u m , the equations of 
motion for the perturbed state can be linearized as 
(Pao and Yeh , 1973; Shindo, 1983) 
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in which 2 2 2 2 2/ /X Y is the two-di-
mensional Laplacian operator, a comma stands for  

partial differentiation with respect to the coordinate, 

00Bbe is referred to as normalized magnetic 
induction, YYXX uu ,, , is the magnetic 
potential, , and are respectively the mass 
density, the Poisson’s ratio and the shear modulus of 
the material, /c and t denote the shear wave 
speed and the time respectively. 

Then the linearized magnetic and magentoelastic 
constitutive equations in the perturbed state have 
respectively the forms as 

0 0i i i r ib h m h , ii hm  (3) 
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in which , , ,i j k X Y , ij is the Kronecker delta, 
ijt , M

ijt and T
ijt are the magnetoelastic stresses, the 

Maxwell stresses and the total stresses respectively, 
and ij is the elastic stresses given as  

, , ,
2 ( )

1 2ij k k ij i j j iu u u  (6) 

Note that the implicit summation convention over a 
repeated index applies for Latin subscripts in this 
section.

3. Moving interfacial crack problem and the 
integral equations 

As displayed in Fig. 1, consider a Griffith crack 
along 0Y , | |X a and located at the interface 
between two dissimilar soft ferromagnetic half planes 

1 and 2 . For convenience, the superscripts “ )1( ”
and “ )2( ” are used to identify the field quantities in 

1 and 2, but the subscripts “1” and “2” to identify 
the corresponding material properties. 

According to Yoffe (1951), it is assumed that the 
crack moves along the X -axis with uniform velocity 
V and without change in length, and that a coordinate 
system ( , , )x y z attached to the crack center moves 
simultaneously with the same velocity. Therefore, it is 
convenient to study the crack propagation in the 
moving coordinate system for a better comprehension 
to its essential dynamic features. 
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Fig. 1. Two bonded dissimilar soft ferromagnetic half-planes 
with a moving interfacial crack in a uniform magnetic field. 

 
By applying the Galelian transformation VtXx , 

Yy to Eqs. (1) and (2), the field equations for the 
present solids have the forms as 
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In addition to action of the uniform magnetic 
field 0B , let the surfaces of the crack be subjected to 
known normal pressure 1( )p x and shear traction 

2( )p x . Owing to the current problem being sym-
metric with respect to the 0x plane, it is sufficient to 
treat it for 0x only. Upon assuming that two solids 
are bonded perfectly, the continuity conditions on the 
stresses and the displacements are given as (Pao and 
Yeh, 1973) 
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And the mixed boundary conditions are  
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Now, the Fourier integral transform with respect 

to x and the inverse transform are applied to Eqs. (7) 
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in which )1(
jA and )2(

jA ( 1, 2, 3)j are unknown 
functions and )(ng ( 1, 2)n are real constants, which 
are to be determined by the continuity conditions, and 
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With the aid of the Galelian transformation and 

Eqs. (15)-(20), the magnetoelastic stresses, given 
by Eq. (4) and (6), in the bonded solids are then 
reduced to 
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where the constants nk )12,2,1(n depend on the 
velocity of the moving crack and the properties of the 
materials and are given in the Appendix. 

In order to determine the unknown functions and 
reduce the mixed boundary conditions into integral 
equations, we first define the following dislocation 
densities  
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Then the displacement continuity conditions out-
side the crack and the displacement single-valuedness 
conditions can be written as 
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Next, inserting Eqs. (15)~(20) and (22)~(25) into 
Eqs. (9)~(12), (13)2~(14)2 and (26)~(27), after some 
lengthy manipulations, it turns out that 
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where )(
1
j

nf and )(
2
j

nf are known constants and are 
given in the Appendix. It can now be seen that from 
Eqs. (29)~(30), the stresses given by Eqs. (22)~(25) 
may be expressed in terms of the density functions 

)(1 s and )(2 s .
Finally, Eqs. (13)1 and (14)1, together with Eqs. 

(15)~(16), (18)~(19) and (29)~(30), yield the fol-
lowing integral equations 
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where 3k is a known constant given in the Appendix. 
By interchanging the integration order in Eqs.(31) 

and (32), it allows us to express the singular integral 
equations in the dislocation densities as 
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In Eqs. (34) and (35), only the simple Cauchy-type 
kernel )(1 xs  contributes to the singular behavior 
of the solutions to the integral equations (Musk-
helishvili, 1953). It should be noted that Eqs. (34) and 

(35) must be solved under the displacement single-
valuedness conditions, Eq. (28). 

4. Solution of the integral equations 

Begin by introducing 
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in which ax / , as / are the normalized 
interval, 1,1 21 rr  and 1i . Note that 
for the current problem, 011E , 022E ,

012E and 021E . In Eq. (37) 11̂ ,
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ˆ , 1111
ˆ EE  and 2222

ˆ EE .
Then, the two integral Eqs. (34) and (35) can be 

combined as 
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Equations in (38) are the singular integral equations 
of the second kind. Their solutions have integrable 
singularities at the end points 1and have been 
extensively investigated by Muskhelishvili (1953). 
Here, a method in Erdogan (1984) will be used.

As in Erdogan (1984), solutions to the equations in 
(38) may be approximated by series of the Jacobi 
polynomials as 
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where knC are unknown constants to be determined, 
)(),( kk

nP are the nth order Jacobi polynomials, 
and )(kw are the corresponding weight functions 
which characterize the singular behavior of 

)(~
k at 1 and are given as (Muskhelishvili, 

1953) 
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On account of the orthogonality of Jacobi poly-
nomials (Gradshteyn and Ryzhik, 1980), 
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0 ( ) 1P , it can be concluded that 

the single-valuedness conditions in (28) are iden-
tically satisfied provided that 02010 CC .

Substituting Eq. (39) into Eq. (38) and employing 
the following integral formulas (Karpenko, 1966), 
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where ( )knG is the principal part of )(kw

)(),( kk
nP at infinity, the singularity in Eq. (38) is 

removed such that  
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With the help of following weight functions, 
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Eq. (44) can be reduced to an infinite system of 
algebraic equations in the unknown constants knC  by 

using a weighted residual technique (Erdogan and 
Gupta, 1971). Once the constants knC are determined, 
the approximate solutions to )(1 x and )(2 x , and 
then to other field quantities, are readily obtained. 

Now, the special case of 0)(,)( 201 xpxp ,
where 0 is constant, is considered. Multiplying both 
sides of Eq. (44) by the Eq. (46) and integrating in the 
interval )1,1( , it is found that 
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which by Eq. (39) yields the closed-form solutions as 
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From Eqs. (5), (22)~(25), together with Eqs. (29)~ 
(30), (48) and the formulas (43), one can obtain the 
total magnetoelastic stresses near the crack tip. Then, 
the magnetoelastic stress intensity factors IK  and 

IIK may be obtained as (Erdogan and Gupta, 1971) 
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5. Results and discussions 

In what follows, the mechanical properties of    
the materials are prescribed as 25.01 , 30.02 ,
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Fig. 2. Stress intensity factor 0/IK a versus /V c for 
different values of eb . 

 

 
Fig. 3. Stress intensity factor 0/IIK a versus /V c for 
different values of eb . 
 

2/ 12  and 3.1/ 12 . On assuming that the 
magnetic susceptibilities corresponding to the upper 
half-plane and the lower one take various values and 
different combinations, the variations of the mag-
netoelastic stress intensity factors versus the velocity 
of the moving crack or the normalized magnetic 
induction are investigated. Let 1// cVcV  

21221 / cV , 2112 eee bbb . 
First, for 4

1 10 and 4
2 105.1 , the variations 

of 0/ aK I and 0/ aK II  with the changing of 
cV /  at 0eb , 003.0 , 005.0  are examined. The 

results are displayed in Figs. 2 and 3. Under a 
prescribed magnetic induction, it is seen that 

0/ aK I increases while 0/ aK II decreases 
with increasing cV / . The stronger the magnetic 
field, the larger the magnitude of the stress intensity 
factors and their changing rate are. Especially at 
larger cV / , the effects due to the magnetic field 
appear more pronounced. At 0eb , 0/ aK I  is  

 
Fig. 4. Stress intensity factor 0/IK a versus /V c for 
different values of eb . 

 

 
Fig. 5. Stress intensity factor 0/IIK a versus /V c for 
different values of eb . 

 
independent of cV / , and as 0/ cV in this case 
the results coincide with those in Erdogan and Gupta 
(1971). 

The same kind of results for 4
1 10  and 

3
2 10  are shown in Figs. 4 and 5. It can be seen 

in the figures that the variation trends of 0/ aK I  
and 0/ aK II  versus cV /  are similar to those in 
Figs. 2 and 3. The magnitude of the dynamic stress 
intensity factors appear to depend on the smaller 
susceptibility. Of course, on increasing the magnetic 
induction to a larger value than those in Figs. 2 and  
3 will increase the magnitude of the stress intensity 
factors. 

Figs. 6 and 7 present the variations of the nor-
malized stress intensity factors 0/ aK I  and 

0/ aK II  at 8.0/ cV  and different suscep-
tibility combinations as the magnetic induction 
changes. The results indicate that at given sus-
ceptibility combination, 0/ aK I increases while  
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Fig. 6. Stress intensity factor 0/IK a versus eb for different 
susceptibility combinations. 

 

 
Fig. 7. Stress intensity factor 0/IIK a versus eb for differ-
ent susceptibility combinations. 
 

0/ aK II  decreases slowly at lower magnetic 
induction and goes to change quickly at relatively 
stronger magnetic field. Changing the combination of 
both solids with different magnetic properties will 
affect the stress intensity factors obviously.  
 

6. Conclusions 

Closed-form solutions for the linear magnetoelastic 
problem of a moving interfacial crack between two 
bonded dissimilar soft ferromagnetic elastic materials 
under uniform magnetostatic field and uniform 
mechanical loading are presented by using the Yoffe’s 
method and the integral transform technique. Results 
show that the effects of the velocity of the moving 
crack on the normalized dynamic stress intensity 
factors have the same tendencies as those in the 
corresponding purely elastic case. The concentration 
of stresses near the moving interfacial crack strongly 

depends on the external magnetic field, the magnetic 
susceptibilities of the bonded solids and their 
combinations. 
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